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Coupled dust-lattice modes in complex plasmas
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The coupling between transverse and longitudinal dust-lattice modes due to the particle-wake interactions
and vertical dust charge gradient is considered. It is shown that the dust-lattice waves can be subjected to a
specific instability, the criterion for which has been derived. This instability can explain experimentally ob-
served spontaneous excitation of vibrational modes in a plasma crystal when the pressure is decreased below
a critical value.
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The fundamental problem for the understanding of thesame mas#M, separated by the average distaicalong the
dynamical properties of various self-organized structurex axis and carrying negative equilibrium charges. Contrary to
such as plasma crystdl$-9] is collective processes in com- the ordinary string model, we suppose that an equilibrium
plex plasmas. Plasma crystals sustain different coIIectiv%artide chargeQ is characterized by a weak nonuniformity
modes, so-called dust-latti¢BL) waves, analogous to those in the verticalz direction, namely,Q(z). The equilibrium

in solid state physicf6]. The first to develop the theory for N PN
the longitudinal DL modes in a one-dimensional particleValue of the charge iQ,=Q(2=0), wherez=0 indicates the

chain was Melandsp7]. Experimentally, the propagation of vertﬁcal equilibrium positionipf the string. qu definiteness,
these waves in a rf discharge has been clearly demonstrat&® IS Supposed to be positive, thus denoting an absolute
by Homannet al. [8]. Later Vladimirovet al. [9] theoreti-  Value of the dust charge. For a model of the ion wake, we
cally predicted the appearance of another type of DL perturt€fer to an earlier papef12], where the excess positive
bations, transverse DL waves, which have been experimergharge in the wakédownstream from the particle along the
tally observed in a one-dimensional particle chain byverticalz axis) was considered as a pointlike effective charge
Misawaet al.[10]. Presently, the dust-lattice modes and theirgo=0(z=0) <Q,, located at a distande< A beneath the par-
stability are extensively studied both theoretically and inticle (Fig. 1). When a particlen acquires a small vertical
many experiments using discharge plasmas in the laboratodisplacement around its equilibrium positiay the particle
and under microgravity conditiof41-15. charge can be approximated & — Q,=Qy+Q}z, with

In the laboratory experiments, the highly negatively Q/=(dQ/dz),. The subscript 0 means that the derivative is
charged microparticles usually levitate in the sheath regioRaken at the equilibrium leved=0. It is reasonable to assume

of the horizontal negatively biased electrode where there is g5; the vertical displacements affect the values of the wake
balance between the gravitational and electrostatic force

Chargeq in the same way;, i.e ~ gy +qhz,. Finally, we
acting in the vertical direction. There are a few characteristi 9 Y, 1-€G0—+Gn ™= Qo doZn %

%o not introduce any horizontal confinement of the system
features of such particle trapping. On the one hand, the com; y Y !

. Mbut assume that there is a harmonic potential well in the
plex plasma s'trqctures reveal the anisotropy dye to the V€{ertical direction with eigenfrequendy,, related to the con-
tical supersonic ion flows that lead to the formation of aniong . .~ potential viaU f—MQZZZ/ZD The vertical fre-

«, ” H H conf™ .

Wakf underneiath the suspende(_j_ mlc_ropartlcﬂé&l?_l. quency(), is thus specified by thé vertical electric fictz)

The “wake effect” can induce instabilities in the plasma CrYS-_nd the equilibrium charge distributio(z) as 0=

tal due to the interaction of transverse and longitudinal DL—M‘la(Q|E|)q/az [19] g v
modes[12]. On the other hand, the charge of the micropar- /0 s o )

ticles caused by the electron and ion currents onto the grainI Asstjmmghl;[hat the_ mtf(irac:fn IS cc_mfmeldl t:etweeiln the
surfaces strongly dep_ends on the vertical parti_cle position iy (()aseiit;relgrtic(l)ers, d?sst;ge egxcgef:lassetkllr:a resir?eg(ifsalgn th-
the sheath region. This introduces another anisotropy of th I ~1|?3 h i £ motion for theth t.Q: engtn.
system related to the equilibrium charge gradigri18,19. Dt T _3’b € e(_;l;Ja lon of motion for particie in

In the present paper, we study the influence of both factoré.he string can be written as

the particle-wake interaction and equilibrium charge inhomo-
geneity on coupling of the transverse and longitudinal DL

modes and consider the conditions when the combination of 0,

these two factors results in a DL mode instability. . O
For DL waves in crystalline monolayers the model is that Pan) A e X "y

of a one-dimensionallD) particle string, often invoked in lVQo Y b

theoretical considerations of DL perturbatidis?7,12. This ’

model allows two-dimensional motion, in the longitudinal O

(horizontal, along the string axig and transverséverticalz)
directions. The schematics of the string model is shown in FIG. 1. The model of the particle string with a wake. Dashed
Fig. 1. The horizontal string is formed by particles of thelines correspond to the equilibrium particle position in the string.
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i;n + 2')";n = M_l(Fn,n+l + Fn,n—l + Fn,conf)’ (1) Q>2<z: ng_ (- gq)‘P(K)QS' (10

where y is a damping rate due to neutral gas fricti@0],

andF con=—dUconl 91, is the force due to the external con-
finement. Furthermore, the forces between the nottabnd 2
(n+1)th particles,F,, ..;, are determined by 02= Q0 exp(- «), (11)

°7 MA
Fn,n:rl == Qn(07<pnﬂ/3r)r:rn_ (2)

Here the characteristic DL frequen€y is defined through

_ . . o k=A/\p denotes the lattice parametgrqy/ Qg is the ratio
The electrostatic potential of each partigig., is given by ot the effective wake charge to the equilibrium particle

the screened Debye potentials of the particle charge itself ~ .
and its effective wgkee:hargze parti ge ! charge, and=I/A. Moreover, we have introduced the nota-

tions ¢(k)=(1+«), ¥(k)=1+¢3(k), P(k)=@(k)+¥(k), €
_ Qnur eXp(= Agi/Ap)  Gneg €XP— Age/Np) =Q(A/Qq, ande=qgA/q,. The small parametersand e are
= A - A : of the same order ofe~A/Ly, e~A/L, where Lg
Q* o ~Q(2)/[#Q(2)/ 9z) and Ly~ q(2)/[d0(2)/ 3z] are the charac-
3) teristic scales of the particle charge and wake charge nonuni-

Here Aq, denotes the distance between adjacent particledormity. _ o

: ; ; While the frequencies of longitudin&{),) and transverse
andA,, is the distance between the nodal particle and the qt g I : _
effective wake charge of the adjacént-1) grains. Introduc- ({2.) DL modes include only the wake effect, which might
ing the particle displacements in the horizontal and verticaf€crease the main frequency of the DL waves via the factor
directions of the nodath particle{x,,z,} and similarly for ~(1~0), the eigenfrequency), contains the vertical charge
the right and left neighbor graif,..,z..1}, the interparticle ~ @nd field gradients through
distances can be written @, = /(A + &%)+ 672,,, and )

+ + + _ i ,
Age=(A+ Xpu1)2+(1+ 8241)?, respectively. Both of these Q== QoM™ (e[E[¢/A +[E), (12)
distances depend on the relative displacement with respect to ) ) - .
the right, X,e1=Xqe1=X, and to the left, Xy =Xy— X1, and thus(); generally can be either positive or negative for
neighbor. different particle positions in the sheath region: it is expected
2 . .

Since the patrticles are sufficiently strongly coupled, wethat{;>0 in most of the sheath—én the presheath and be-
can safely assume that they only have small displacement@W the sheath edgel9]. However,(}7 can become negative
(IXne1=Xn|+|Zne1 = 24| < A,1). Combining relationg2) and(3) ~ in @ narrow region of the sheath just above the lower elec-
with the equation of motionl) and expanding the right hand trode, with a possible resultant instability of the vertical mo-

side of Eq.(1) around its equilibrium gives, to first order in tion of particles(see region I in Fig. 3, Ref19]). Typically,
x, andz,, the particles are trapped near the sheath edge, so we can

assume from the outset th@f >0 to ensure that the trans-
Ko+ 29X = Q2 (Xne1 + X1 — 2%) + Q2(Zoe1 — Zo-1), (4)  verse mode is not aperiodic unstable.
The frequencylq, is a result of the combined effect of
5 420z =— 027 — ()2 +7 -2 the wake and equilibrium charge gradient on Lhe transverse
S o~ Qi Zos ¥ 2oy = 22) wave mode. We generally have the case #atl,q<1, and

= 0QZne1 * Zoa + 220) + Q5 Xne1 = Xo-0). 1<1, so the contribution of the hybrid terfi3, can be
(5)  significantly smaller tha)2,
) Finally, the squared frequen@ﬁX characterizes the cou-
In general, the elements of these mode equatiflfs,are  jing between transverse and longitudinal waves induced by
given by bulky expressions. For simplification, we will use the “particle-wake interaction, whil®?, describes the cou-
the conditionl <A, which is relevant for a strongly coupled pling due to the joint influence of the wake and equilibrium

complex plasma. Indeed, in laboratory complex plasmas thgp,rge gradient on the DL modes. The latter element can be
distancd never exceeds the screening lengg[12], which simplified to

in turn is smaller tham (typically A/\p~ 1.5—3. Therefore
we take(l/A)?<1 and neglect term®(1?/A?). The squared
frequencies then become

(PnJ_rl(Z)

Q)%z: Qix_ 8‘»0(")9(2)- (13

02=(1 _a)q,(K)Qg:Qﬁ, (6) The. reason for the_ asymmetry in tlﬂﬁ terms is that the '
equilibrium charge is predominantly a function of the verti-
cal position. Putting: =0 immediately restores the symmetry
in the elementsﬂﬁ and corroborates the results for the cou-
pling of DL modes due to the ion wakes, obtained in Ref.
02 = édlo(k)03, 8 [12].
Q= el el ko ®) Considering all particle displacements in E¢8. and(5)
g ) to be x,,z,exd-i(wt—nkA)], where the wave numbek
Q=TI P(x) 5, (9 obeys -w<kA <, we obtain the dispersion relation

0%,=(1-9e(x0Z=02, (7)
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. ., KA
<w2+ 2iyw - 407 sir? ?)

kA kA
X (wz + 2iyo — Q% + 402 sir? o Méqcosz?>

+402]02 - e(1+ K)Q3]sif kA =0, (14)

which combines the longitudindk) and transverse vertical
(z) DL modes. We focus on the situation, when the effective
wake charge satisfies the inequalﬁy<A2/ILQ leading to
02 <s(1+k)Q3. This condition appears appropriate for
many laboratory complex plasma experiments. Indeed, the FI(_B._Z. The normalized solutions of the dispersion re_la('[t?t),
valuesA usually exceed a few hundred micrometers, whiledescribing the. coupling between tr21e trzansveém)eand. longitudinal
the characteristic scales for the equilibrium charge variation!) DL modes in the case>0; f=w®/{2; vs K=kA/2 is shown for
are supposed to be of the order of the sheath size. Takin =2.5,4=0.05(solid line), andﬁzo.ls(da_shgd lines Decoupled
typical parametera ~5x 107 um, Lo~ 0.5 cm, and assum- odes[(L) and(l)] are represented by thin lines.

ing for the wake scale length~0.1A, we then obtaif< 1.

Therefore the e|emerﬂ§z can be approximated by can be understood by Considering the solutions of the disper-
5 5 sion relation(14) in the vicinity of the intersection poir(tL8)
O, = —e(1+ 1. (15  graphically. We normalizé14) by introducing the squared

-, 2 2 — —
Note that nowQ)z(zWiII be either positive or negative depend- frequencylf—w /X, wave num~beK—kA/2, a_QU/QO’ and
ing on the sign of the valuex(dQ/dz), (<0 ore>0) at  the coupling paramete3=4gle®(x)p(x). Assuming for

the equilibrium position(z=z,) of the particle string. simplicity y=0 ands~1 the dimensionless version of Eq.
The frequency responsible for the DL mode coupling in(14) becomes
Eq. (14) is given by (F-4siPK)(f—a?+4sifK) - Bsi2K=0. (21)
2 —
Qoup= [ed Ve (16) Figure 2 shows the behavior ¢t w?/Q3 as a function of

= 2|0, |0,/ 2~ \§l/Lo=(A/Lo)<1 and hence can play a nessa=2.6, we present the solutions of E@L for two
role only in the vicinity of the intersection point of the two different values of the coupling parametgr0.05 (solid

decoupled branches. For a positive valdg satisfying line) and 0.15(dash_ed Ii_n}z respectively. The ordinary_trans-
verse(L) and longitudinal(l) DL waves, corresponding to

40% <02 <402+ 02), (170 the solutions of Eq(21) for B=0, are indicated by thin lines.
As can be seen from Fig. 2, three curves are close to an

the noninteracting DL modes intersect at the pding, ko) appropriate ordinary modé.L) or (I) only in the long-

given by wavelength(K<Ky=kyA/2) and short-wavelengttk >K)
) regimes. The coupled curvég + 0) start deviating from the

- v A=2 10 18 . . ;T X ;
RCN eyl koA = aresing, (18 decoupled solutiori3=0) in the vicinity of the intersection

point (18). Finally, the long-wavelength transverse branch
wheresZ:Qi/Qﬁ. Far from the intersection point, or in the (K<Kj) joins with the short-wavelength longitudinal DL
case when conditior{17) is not satisfied and hence DL wave (K>K,) and vice versa. An instability is not possible
modes do not intersect at all, the longitudit@l mode dis-  at all. In other words, the functiof(K) corresponds to a
persion is almost not affected by charge gradient terms angonfluence of both transverse and longitudinal dispersion

has the typical fornj12] curves in such a way that there is a considerable frequency
KA gap in the vicinity of the intersection point, in which both
Rew = 20, sin BX Imw=-1y, (19 DL modes are evanescent. This type of reconnection between

the two modes of DL waves can be considered as a kind of
while the transverséz) DL mode is slightly modified due to linéar mode conversion. _
the small hybrid frequencfo,, namely, Figure 3 represents the DL mode reconnecfig€) in the
A A other limiting case, when the initial particle string is situated
2 A2 102 a2 KA 2 KA L at a level where: < (9Q/ dz),<0. As previously, two values
(Rew)® = 0 - 407 sir? 2 + 40408 2" Imw=-vy of B=-0.05(solid line) and —0.15(dashed lingare consid-
(20) ered. It turns out that now a confluence of the transvérse
and longitudinal(l) branches occurs separately in the long-
The coupling term results in further small correctionswavelength(K<Kg) and short-wavelengttk >K,) ranges,
~O(Q‘C‘0up/98) to the dispersion for both waves. thus leading to a gap in the wave number domain, and a
As k approache,, the longitudinal(19) and transverse resultant instability of the hybrid mode. The growth of the
(20) modes can be significantly modified. The wave behavioDL perturbations becomes physically possible at the expense
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FIG. 3. The normalized solutions of the dispersion relatib$),
describing the coupling between the transvérseand longitudinal
() DL modes in the case<0; fzwzlﬂg vs K=kA/2 is shown for
a=2.5,8=-0.05(solid line), and3=-0.15(dash lines Decoupled
modes[(_L) and(|l)] are represented by thin lines.

of the externally pumped in the discharge chamber energ

that creates the equilibrium dust charge distributi(z).
To get the growth rate of this instability we expand Eq.
(14) around(wg, ko),

A 2
(w—wo+iy—Q” cos%(k—kO)A><w—wo+iy+—l
I

A Of
xoosk‘;(k— ko)A> = - —9P 5P kA (22)
2 wh
To lowest order ifw=wo|/ wy~ 02,/ Q5 <1,

Qo .
Rew=w, IMmw=-y+—PsinkA,
®o
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(23

Note that the instability occurs in the narrow wave number
domain k; <ky<k,, with k; and k, being defined by the
combined effect of the ion wake and dust charge gradient on
the DL modes through

Q(:oup )

Ky o= k0<1 +
L2 (02 + 02 )coskoA

In laboratory experiment&Q,~ 10%,A ~5x 10°—1C° um),
the typical value of the DL frequencfll) is Oy~ 10? st
[3,8], while the characteristic scales for the equilibrium
charge variation ard.o~0.5 cm [21], thus giving ngup
~(A/LQ)Q§~103 s2. Therefore, the criterion for the DL
mode instability(23) will be satisfied for DL waves of fre-
quencieswy~ 107 s at a neutral gas pressure below tens of
ascals(y~10 s',p=10 Pa. Note that neutral gas damp-
ng quenches the DL mode instability associated with pure
particle-wake interactions already at gas presspred Pa
[12], while the considered instability can be of importance at
a gas pressure of 10 Pa.

To summarize, we have demonstrated that the combined
effect of ion focusing and vertical dust charge nonuniformity
leads to an interaction between transverse and longitudinal
DL modes. Moreover, this can lead to an instability in a
horizontal chain(or monolayer of the microparticles if the
particle levitation occurs in that part of the sheath where the
absolute value of the equilibrium charge is reduded.,
region Il in Fig. 3, Ref[19]) and provided neutral gas damp-
ing below a certain threshold. It is possible, therefore, that
the experimentally observed spontaneous excitations of DL
modes that occur in complex plasmas when the pressure is

2

(24)

indicating that this hybrid mode is unstable, when the neutratlecreased below a critical valyéds,22 (e.g., in[22], p

gas friction is sufficiently weak, namely,

<4.5 Pa are a manifestation of the discovered instability.
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