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The coupling between transverse and longitudinal dust-lattice modes due to the particle-wake interactions
and vertical dust charge gradient is considered. It is shown that the dust-lattice waves can be subjected to a
specific instability, the criterion for which has been derived. This instability can explain experimentally ob-
served spontaneous excitation of vibrational modes in a plasma crystal when the pressure is decreased below
a critical value.
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The fundamental problem for the understanding of the
dynamical properties of various self-organized structures
such as plasma crystalsf1–5g is collective processes in com-
plex plasmas. Plasma crystals sustain different collective
modes, so-called dust-latticesDLd waves, analogous to those
in solid state physicsf6g. The first to develop the theory for
the longitudinal DL modes in a one-dimensional particle
chain was Melandsøf7g. Experimentally, the propagation of
these waves in a rf discharge has been clearly demonstrated
by Homannet al. f8g. Later Vladimirov et al. f9g theoreti-
cally predicted the appearance of another type of DL pertur-
bations, transverse DL waves, which have been experimen-
tally observed in a one-dimensional particle chain by
Misawaet al. f10g. Presently, the dust-lattice modes and their
stability are extensively studied both theoretically and in
many experiments using discharge plasmas in the laboratory
and under microgravity conditionsf11–15g.

In the laboratory experiments, the highly negatively
charged microparticles usually levitate in the sheath region
of the horizontal negatively biased electrode where there is a
balance between the gravitational and electrostatic forces
acting in the vertical direction. There are a few characteristic
features of such particle trapping. On the one hand, the com-
plex plasma structures reveal the anisotropy due to the ver-
tical supersonic ion flows that lead to the formation of an ion
“wake” underneath the suspended microparticlesf16,17g.
The “wake effect” can induce instabilities in the plasma crys-
tal due to the interaction of transverse and longitudinal DL
modesf12g. On the other hand, the charge of the micropar-
ticles caused by the electron and ion currents onto the grain
surfaces strongly depends on the vertical particle position in
the sheath region. This introduces another anisotropy of the
system related to the equilibrium charge gradientf11,18,19g.
In the present paper, we study the influence of both factors:
the particle-wake interaction and equilibrium charge inhomo-
geneity on coupling of the transverse and longitudinal DL
modes and consider the conditions when the combination of
these two factors results in a DL mode instability.

For DL waves in crystalline monolayers the model is that
of a one-dimensionals1Dd particle string, often invoked in
theoretical considerations of DL perturbationsf5,7,12g. This
model allows two-dimensional motion, in the longitudinal
shorizontal, along the string axisxd and transversesverticalzd
directions. The schematics of the string model is shown in
Fig. 1. The horizontal string is formed by particles of the

same massM, separated by the average distanceD along the
x axis and carrying negative equilibrium charges. Contrary to
the ordinary string model, we suppose that an equilibrium
particle chargeQ is characterized by a weak nonuniformity
in the vertical z direction, namely,Qszd. The equilibrium
value of the charge isQ0=Qsz=0d, wherez=0 indicates the
vertical equilibrium position of the string. For definiteness,
Q0 is supposed to be positive, thus denoting an absolute
value of the dust charge. For a model of the ion wake, we
refer to an earlier paperf12g, where the excess positive
charge in the wakesdownstream from the particle along the
verticalz axisd was considered as a pointlike effective charge
q0=qsz=0d,Q0, located at a distancel ,D beneath the par-
ticle sFig. 1d. When a particlen acquires a small vertical
displacement around its equilibrium positionzn, the particle
charge can be approximated asQ0→Qn.Q0+Q08zn with
Q08=sdQ/dzd0. The subscript 0 means that the derivative is
taken at the equilibrium levelz=0. It is reasonable to assume
that the vertical displacements affect the values of the wake
chargeq in the same way, i.e.,q0→qn.q0+q08zn. Finally, we
do not introduce any horizontal confinement of the system,
but assume that there is a harmonic potential well in the
vertical direction with eigenfrequencyVv, related to the con-
finement potential viaUconf=MVv

2z2/2. The vertical fre-
quencyVv is thus specified by the vertical electric fieldEszd
and the equilibrium charge distributionQszd as Vv

2=
−M−1]sQuEud0/]z f19g.

Assuming that the interaction is confined between the
closest neighbors, as is often the case in real latticessusually
the interparticle distance exceeds the screening length:
D /lD,1.5–3d, the equation of motion for thenth particle in
the string can be written as

FIG. 1. The model of the particle string with a wake. Dashed
lines correspond to the equilibrium particle position in the string.
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r̈ n + 2gṙ n = M−1sFn,n+1 + Fn,n−1 + Fn,confd, s1d

whereg is a damping rate due to neutral gas frictionf20g,
andFn,conf=−]Uconf/]r n is the force due to the external con-
finement. Furthermore, the forces between the nodalnth and
sn±1dth particles,Fn,n±1, are determined by

Fn,n±1 = − Qns]wn±1/]r dr=rn
. s2d

The electrostatic potential of each particlewn±1 is given by
the screened Debye potentials of the particle charge itself
and its effective wake charge

wn±1szd =
Qn±1 exps− DQ±/lDd

DQ±
−

qn±1 exps− Dq±/lDd
Dq±

.

s3d

Here DQ± denotes the distance between adjacent particles,
andDq± is the distance between the nodalsnd particle and the
effective wake charge of the adjacentsn±1d grains. Introduc-
ing the particle displacements in the horizontal and vertical
directions of the nodalnth particlehxn,znj and similarly for
the right and left neighbor grainshxn±1,zn±1j, the interparticle
distances can be written asDQ±=ÎsD+dxn±1d2+dzn±1

2 , and
Dq±=ÎsD+dxn±1d2+sl +dzn±1d2, respectively. Both of these
distances depend on the relative displacement with respect to
the right, dxn+1=xn+1−xn, and to the left,dxn+1=xn−xn−1,
neighbor.

Since the particles are sufficiently strongly coupled, we
can safely assume that they only have small displacements
suxn±1−xnu , uzn±1−znu!D , ld. Combining relationss2d and s3d
with the equation of motions1d and expanding the right hand
side of Eq.s1d around its equilibrium gives, to first order in
xn andzn,

ẍn + 2gẋn = Vxx
2 sxn+1 + xn−1 − 2xnd + Vxz

2 szn+1 − zn−1d, s4d

z̈n + 2gżn = − Vv
2zn − Vzz

2 szn+1 + zn−1 − 2znd

− VQq
2 szn+1 + zn−1 + 2znd + Vzx

2 sxn+1 − xn−1d.

s5d

In general, the elements of these mode equations,Vi j
2, are

given by bulky expressions. For simplification, we will use
the conditionl ,D, which is relevant for a strongly coupled
complex plasma. Indeed, in laboratory complex plasmas the
distancel never exceeds the screening lengthlD f12g, which
in turn is smaller thanD stypically D /lD,1.5–3d. Therefore
we takesl /Dd2!1 and neglect termsOsl2/D2d. The squared
frequencies then become

Vxx
2 = s1 − q̃dCskdV0

2 = Vi
2, s6d

Vzz
2 = s1 − q̃dwskdV0

2 = V'
2 , s7d

VQq
2 = eq̃l̃wskdV0

2, s8d

Vzx
2 = q̃l̃FskdV0

2, s9d

Vxz
2 = Vzx

2 − s« − eq̃dwskdV0
2. s10d

Here the characteristic DL frequencyV0 is defined through

V0
2 =

Q0
2

MD3 exps− kd, s11d

k=D /lD denotes the lattice parameter,q̃=q0/Q0 is the ratio
of the effective wake charge to the equilibrium particle

charge, andl̃ = l /D. Moreover, we have introduced the nota-
tions wskd=s1+kd, Cskd=1+w2skd, Fskd=wskd+Cskd, «
=Q08D /Q0, ande=q08D /q0. The small parameters« ande are
of the same order of«,D /LQ, e,D /Lq, where LQ
,Qszd / f]Qszd /]zg and Lq,qszd / f]qszd /]zg are the charac-
teristic scales of the particle charge and wake charge nonuni-
formity.

While the frequencies of longitudinalsVid and transverse
sV'd DL modes include only the wake effect, which might
decrease the main frequency of the DL waves via the factor
s1−q̃d, the eigenfrequencyVv contains the vertical charge
and field gradients through

Vv
2 = − Q0M

−1s«uEu0/D + uEu08d, s12d

and thusVv
2 generally can be either positive or negative for

different particle positions in the sheath region: it is expected
that Vv

2.0 in most of the sheath—in the presheath and be-
low the sheath edgef19g. However,Vv

2 can become negative
in a narrow region of the sheath just above the lower elec-
trode, with a possible resultant instability of the vertical mo-
tion of particlesssee region I in Fig. 3, Ref.f19gd. Typically,
the particles are trapped near the sheath edge, so we can
assume from the outset thatVv

2.0 to ensure that the trans-
verse mode is not aperiodic unstable.

The frequencyVQq is a result of the combined effect of
the wake and equilibrium charge gradient on the transverse
wave mode. We generally have the case thate,1, q̃,1, and

l̃ ,1, so the contribution of the hybrid termVQq
2 can be

significantly smaller thanVzz
2 .

Finally, the squared frequencyVzx
2 characterizes the cou-

pling between transverse and longitudinal waves induced by
the particle-wake interaction, whileVxz

2 describes the cou-
pling due to the joint influence of the wake and equilibrium
charge gradient on the DL modes. The latter element can be
simplified to

Vxz
2 . Vzx

2 − «wskdV0
2. s13d

The reason for the asymmetry in theVi j
2 terms is that the

equilibrium charge is predominantly a function of the verti-
cal position. Putting«=0 immediately restores the symmetry
in the elementsVi j

2 and corroborates the results for the cou-
pling of DL modes due to the ion wakes, obtained in Ref.
f12g.

Considering all particle displacements in Eqs.s4d ands5d
to be xn,zn~expf−isvt−nkDdg, where the wave numberk
obeys −pøkDøp, we obtain the dispersion relation
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Sv2 + 2igv − 4Vi
2 sin2 kD

2
D

3Sv2 + 2igv − Vv
2 + 4V'

2 sin2 kD

2
− 4VQq

2 cos2
kD

2
D

+ 4Vzx
2 fVzx

2 − «s1 + kdV0
2gsin2 kD = 0, s14d

which combines the longitudinalsxd and transverse vertical
szd DL modes. We focus on the situation, when the effective
wake charge satisfies the inequalityq̃,D2/ lLQ leading to
Vzx

2 ,«s1+kdV0
2. This condition appears appropriate for

many laboratory complex plasma experiments. Indeed, the
valuesD usually exceed a few hundred micrometers, while
the characteristic scales for the equilibrium charge variation
are supposed to be of the order of the sheath size. Taking
typical parametersD,53102 mm, LQ,0.5 cm, and assum-
ing for the wake scale lengthl ,0.1D, we then obtainq̃,1.
Therefore the elementVxz

2 can be approximated by

Vxz
2 . − «s1 + kdV0

2. s15d

Note that nowVxz
2 will be either positive or negative depend-

ing on the sign of the value«~ s]Q/]zd0 s«,0 or «.0d at
the equilibrium positionsz=z0d of the particle string.

The frequency responsible for the DL mode coupling in
Eq. s14d is given by

Vcoup
2 = uVxzuVzx. s16d

This coupling is relatively weak, sinceVcoup
2 /V0

2

=2uVxzuVzx/V0
2,Îq̃l /LQø sD /LQd,1 and hence can play a

role only in the vicinity of the intersection point of the two
decoupled branches. For a positive valueVv

2, satisfying

4V'
2 , Vv

2 , 4sVi
2 + V'

2 d, s17d

the noninteracting DL modes intersect at the pointsv0,k0d
given by

v0 =
Vv

Î1 + s2
, k0D = 2 arcsin

v0

2Vi

, s18d

wheres2=V'
2 /Vi

2. Far from the intersection point, or in the
case when conditions17d is not satisfied and hence DL
modes do not intersect at all, the longitudinalsxd mode dis-
persion is almost not affected by charge gradient terms and
has the typical formf12g

Rev . 2Vi sin
kD

2
, Im v . − g, s19d

while the transverseszd DL mode is slightly modified due to
the small hybrid frequencyVQq, namely,

sRevd2 . Vv
2 − 4V'

2 sin2 kD

2
+ 4VQq

2 cos2
kD

2
, Im v . − g

s20d

The coupling term results in further small corrections
,OsVcoup

4 /V0
4d to the dispersion for both waves.

As k approachesk0, the longitudinals19d and transverse
s20d modes can be significantly modified. The wave behavior

can be understood by considering the solutions of the disper-
sion relations14d in the vicinity of the intersection points18d
graphically. We normalizes14d by introducing the squared
frequencyf =v2/V0

2, wave numberK=kD /2, a=Vv /V0, and

the coupling parameterb=4q̃l̃«Fskdwskd. Assuming for
simplicity g=0 ands,1 the dimensionless version of Eq.
s14d becomes

sf − 4 sin2 Kdsf − a2 + 4 sin2 Kd − b sin2 2K = 0. s21d

Figure 2 shows the behavior off =v2/V0
2 as a function of

wave numberK when«~ s]Q/]zd0.0. Putting for definite-
nessa=2.6, we present the solutions of Eq.s21d for two
different values of the coupling parameterb=0.05 ssolid
lined and 0.15sdashed lined, respectively. The ordinary trans-
verses'd and longitudinalsid DL waves, corresponding to
the solutions of Eq.s21d for b=0, are indicated by thin lines.
As can be seen from Fig. 2, three curves are close to an
appropriate ordinary modes'd or sid only in the long-
wavelengthsK!K0=k0D /2d and short-wavelengthsK@K0d
regimes. The coupled curvessbÞ0d start deviating from the
decoupled solutionsb=0d in the vicinity of the intersection
point s18d. Finally, the long-wavelength transverse branch
sK!K0d joins with the short-wavelength longitudinal DL
wave sK@K0d and vice versa. An instability is not possible
at all. In other words, the functionfsKd corresponds to a
confluence of both transverse and longitudinal dispersion
curves in such a way that there is a considerable frequency
gap in the vicinity of the intersection point, in which both
DL modes are evanescent. This type of reconnection between
the two modes of DL waves can be considered as a kind of
linear mode conversion.

Figure 3 represents the DL mode reconnectionfsKd in the
other limiting case, when the initial particle string is situated
at a level where«~ s]Q/]zd0,0. As previously, two values
of b=−0.05 ssolid lined and −0.15sdashed lined are consid-
ered. It turns out that now a confluence of the transverses'd
and longitudinalsid branches occurs separately in the long-
wavelengthsK,K0d and short-wavelengthsK.K0d ranges,
thus leading to a gap in the wave number domain, and a
resultant instability of the hybrid mode. The growth of the
DL perturbations becomes physically possible at the expense

FIG. 2. The normalized solutions of the dispersion relations14d,
describing the coupling between the transverses'd and longitudinal
sid DL modes in the case«.0; f =v2/V0

2 vs K=kD /2 is shown for
a=2.5,b=0.05ssolid lined, andb=0.15sdashed linesd. Decoupled
modesfs'd and sidg are represented by thin lines.
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of the externally pumped in the discharge chamber energy
that creates the equilibrium dust charge distributionQszd.

To get the growth rate of this instability we expand Eq.
s14d aroundsv0,k0d,

Sv − v0 + ig − Vi cos
k0D

2
sk − k0dDDSv − v0 + ig +

V'
2

Vi

3cos
k0D

2
sk − k0dDD . −

Vcoup
4

v0
2 sin2 k0D. s22d

To lowest order inuv−v0u /v0,Vcoup
2 /Vv

2!1,

Rev . v0, Im v . − g +
Vcoup

2

v0
sink0D,

indicating that this hybrid mode is unstable, when the neutral
gas friction is sufficiently weak, namely,

g ,
Vcoup

2

Vi

. s23d

Note that the instability occurs in the narrow wave number
domain k1,k0,k2, with k1 and k2 being defined by the
combined effect of the ion wake and dust charge gradient on
the DL modes through

k1,2 . k0S1 ±
Vcoup

2

sVi
2 + V'

2 dcosk0D
D . s24d

In laboratory experimentssQ0,103e,D,53102–103 mmd,
the typical value of the DL frequencys11d is V0,102 s−1

f3,8g, while the characteristic scales for the equilibrium
charge variation areLQ,0.5 cm f21g, thus giving Vcoup

2

,sD /LQdV0
2,103 s−2. Therefore, the criterion for the DL

mode instabilitys23d will be satisfied for DL waves of fre-
quenciesv0,102 s−1 at a neutral gas pressure below tens of
pascalssg,10 s−1,p&10 Pad. Note that neutral gas damp-
ing quenches the DL mode instability associated with pure
particle-wake interactions already at gas pressurespø1 Pa
f12g, while the considered instability can be of importance at
a gas pressure of,10 Pa.

To summarize, we have demonstrated that the combined
effect of ion focusing and vertical dust charge nonuniformity
leads to an interaction between transverse and longitudinal
DL modes. Moreover, this can lead to an instability in a
horizontal chainsor monolayerd of the microparticles if the
particle levitation occurs in that part of the sheath where the
absolute value of the equilibrium charge is reducedse.g.,
region II in Fig. 3, Ref.f19gd and provided neutral gas damp-
ing below a certain threshold. It is possible, therefore, that
the experimentally observed spontaneous excitations of DL
modes that occur in complex plasmas when the pressure is
decreased below a critical valuef15,22g se.g., in f22g, p
ø4.5 Pad are a manifestation of the discovered instability.
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